Abstract. In this paper we first establish new explicit estimates for Chebyshev's ϑ-function. Applying these new estimates, we derive new upper and lower bounds for some functions defined over the prime numbers, for instance the prime counting function π(x), which improve the currently best ones. Furthermore, we use the obtained estimates for the prime counting function to give two new results concerning the existence of prime numbers in short intervals.
Introduction
Let π(x) denotes the number of primes not exceeding x. Since there are infinitely many primes, we have π(x) → ∞ for x → ∞. In 1793, Gauß [18] stated a conjecture concerning the asymptotic behaviour for the prime counting function π(x), namely The asymptotic formula (1.1) was proved by Hadamard [20] and, independently, by de la Vallée-Poussin [37] in 1896, and is known as the Prime Number Theorem. In his later paper [38] , where he proved the existence of a zero-free region for the Riemann zeta-function ζ(s) to the left of the line Re(s) = 1, de la Vallée-Poussin also estimated the error term in the Prime Number Theorem by showing where c 0 is a positive absolute constant. The work of Korobov [23] and Vinogradov [39] implies the currently best error term, namely that there is a positive absolute constant c 1 so that (1.4) π(x) = li(x) + O x exp −c 1 (log x) 3/5 (log log x)
The computation of the prime counting function π(x) for large values of x is a difficult problem (the latest record was π(10 25 ) = 176 846 309 399 143 769 411 680 and is due to Büthe, Franke and Kleinjung [4] ). Since the asymptotic formula (1.4) is not very meaningful with regard to the computation of π(x) for some fixed x, we are interested to find new explicit estimates for the prime counting function. In order to do this, we first need to establish the following result on Chebyshev's ϑ-function ϑ(x) = p≤x log p, which improves several known estimates for this function. In Section 3, we use the inequalities obtained in Theorem 1.1 to find among others the following explicit estimates for the prime counting function, which improve the current best estimates for π(x). .
In Section 4, we apply these new estimates for the prime counting function to derive two new result concerning the existence of prime numbers in short intervals. The origin of this problem is Bertrand's postulate, which states that for each positive integer n there is a prime number p with n < p ≤ 2n. We give the following both refinements.
Theorem 1.4 (See Theorem 4.1).
For every x ≥ 6 034 256 there is a prime number p, such that
and for every x > 1 there is a prime number p, such that
In Section 5 and Section 6, we use Theorem 1.1 to derived some upper and lower bounds for the prime functions
which improves Dusart's [13] estimates for these functions.
New estimates for Chebyshev's ϑ-function
The prime counting function π(x) and Chebyshev's ϑ-function are connected by the identities
which hold for every x ≥ 2 (see, for instance, Apostol [1, Theorem 4.3] ). In order to find new estimates for the prime counting function, we first derive some new upper and lower bounds for Chebyshev's ϑ-function and then use (2.1). Using (2.2), it is easy to see that the Prime Number Theorem (1.1) is equivalent to
By proving the existence of a zero-free region for the Riemann zeta-function, de la Vallée-Poussin [38] was able to bound the error term in (2.3) by
where c 2 is a positive absolute constant. The asymptotic formula (2.4) implies that for every positive integer k there is a positive real number η k and a real x 0 (k) ≥ 2 so that
for every x ≥ x 0 (k). The work of Korobov [23] and Vinogradov [39] imply the best known error term in (2.3) namely
, where c 3 is an absolute positive constant. Under the assumption that the Riemann hypothesis is true, von Koch [22] deduced the improved asymptotic formula
A precise version of this was given by Schoenfeld [32, Theorem 10] . He found under the assumption that the Riemann hypothesis is true that
for every x ≥ 599. In 2014, Büthe [5, p. 2495] found that the inequality (2.6) holds unconditionally for every x such that 599 ≤ x ≤ 1.4 · 10 25 by using the following lemma.
Lemma 2.1 (Büthe, [5] ). Let T > 0 be such that the Riemann hypthesis holds for every 0 < Im(ρ) ≤ T . Then, under the condition 4.92 x/ log x ≤ T , the following estimates hold:
In the following proposition we also make use of Lemma 2.1 to increase the number 1.4 ·10 25 in Büthe's result on (2.6). i.e. there are at most 2·10 13 complex zeros ρ of the Riemann zeta function ζ(s) satisfying 0 < Im(ρ) ≤ T 0 . By [19] , the first 2·10
13 zeros of the Riemann zeta function satisfy the Riemann hypothesis. Together with (2.8), we obtain that the Riemann hypothesis holds for every complex zeros ρ such that 0 < Im(ρ) ≤ T 0 . Now, we set x 0 = 5.5 · 10 25 to get 4.92 x 0 / log x 0 ≤ T 0 and it remains to apply Lemma 2.1.
In the direction of (2. In the following theorem, we find the corresponding value x 0 for the case k = 3 and η 3 = 0.15. In the proof, we use explicit estimates for Chebyshev's ψ-function, which is defined by 
and for every x > 1, we have
Proof. First, we check that the inequality 
for every x ≥ 3, where R = 5.69693. Since g(x) = (log x) 13/4 e − √ (log x)/R is a monotonic decreasing function for every x ≥ e 169R/4 , we get that
for every x ≥ e 5000 . Using [13, Corollary 4.5], we get
, where b i and the corresponding ε i are given in Table 5 .2 of [13] . Substituting b 31 = 1 500, b 32 = 2 000, b 33 = 2 500, b 34 = 3 000, b 35 = 3 500, b 36 = 4 000, b 37 = 4 500 and the corresponding values of ε i in (2.13), we obtain that the inequality (2.11) also holds for every e 1500 ≤ x ≤ e 5000 . From Tables 6.4 and 6.5 of [11] , it follows that the inequality (2.11) holds for every x such that e 32 ≤ x < e 1500 . So, to prove that (2.9) holds for every 
for every t such that 10 000 ≤ t ≤ 5 · 10 10 . Since t 1/5 + 2t 1/13 log t ≤ t 1/3 for every t ≥ 783 674, we get (2.14)
for every t such that 783 674 ≤ t ≤ 5 · 10 10 . Now, we notice that 0.15t/ log 3 t ≥ 1.81
1/3 for every t ≥ 29 946 085 320. Hence, by (2.14), the inequality (2.9) is fulfilled for every x such that 29 946 085 320 ≤ x ≤ 34 485 879 392 as well. To prove that the inequality (2.9) is also valid for every x such that 19 035 709 163 ≤ x < 29 946 085 320, we set f (x) = x(1 − 0.15/ log 3 x). Since f is a strictly increasing function on (1, ∞), it suffices to check with a computer that ϑ(p n ) > f (p n+1 ) for every positive integer n such that π(19 035 709 163) ≤ n ≤ π(29 946 085 320). Now, we show that (2.10) for every x > 1. Using the inequality (2.11), it suffices to prove that (2.10) holds for every x such that 1 < x < e 32 . For this, we use another result of Büthe [3, Theorem 2] . He found that ϑ(x) < x for every x such that 1 ≤ x ≤ 10 19 , which clearly implies that the inequality (2.10) holds for every x such that 1 < x < e 32 .
Remark. In [2, Proposition 3.2] it is shown that ϑ(x) > x − 0.35x/ log 3 x for every x ≥ e 30 . Using Theorem 2.4, we get that this inequality also holds for every x such that 19 035 709 163 ≤ x ≤ e 30 . A computer check gives that the inequality
holds for every x ≥ 1 332 492 593.
In the next proposition, we give a slightly improvement of Lemma 2.3 for the case k = 4, which improves the inequality (2.9) for every x ≥ e 666+2/3 .
Proposition 2.5. For every x ≥ 70 111, we have
Proof. Let R = 5.69693. We use (2.12) to get that |ϑ(x)− x| < 100x/ log 4 x for every x ≥ e 6000 . Similarly to the proof of Theorem 2.4, we check with Table 5 .2 of [13] that the inequality (2.15) holds for every x such that e 1000 ≤ x ≤ e 6000 as well. From Tables 6.4 and 6.5 of [11] , it follows that the required inequality holds for every x such that e 23 ≤ x < e 1000 . Finally, we obtain that 1/ log 3 t < 100/ log 4 t for every t such that 1 < t ≤ e 100 and so, Lemma 2.3 implies the validity of the required inequality for every x such that 89 967 803 ≤ x ≤ e 23 . To prove that the inequality (2.15) is also fulfilled for every x such that 70 111 ≤ x < 89 967 803, we set f (x) = x(1 − 100/ log 4 x). Since f is a strictly increasing function for every x > 1, it is enough to check with a computer that ϑ(p n ) > f (p n+1 ) for every positive integer n such that π(70 111) ≤ n ≤ π(89 967 803).
New estimates for the prime counting function
Under the assumption that the Riemann hypothesis is true, von Koch [22] deduced a remarkable refinement of error term in the Prime Theorem, which is given by
A precise version of Koch's result is due to Schoenfeld [32, Corollary 1] . He found under the assumption that the Riemann hypothesis is true that the inequality
holds for every x ≥ 2 657. In 2014, Büthe [5, p. 2495] showed that the inequality (3.1) holds unconditionally for every x such that 2 657 ≤ x ≤ 1.4 · 10 25 . The following proposition gives a slightly improvement of Büthe's result. Proof. Similar to the proof of Proposition 2.2. Now, let k be a positive integer and let η k , x 1 (k) be positive real numbers with x 1 (k) ≥ 2 so that
for every x ≥ x 1 (k). Together with (2.1), we get
for every x ≥ x 1 (k), where
The function J k,η k ,x1(k) was already introduced by Rosser and Schoenfeld [31, p.81 ] (for the case k = 1) and Dusart [11, p. 9] . In this section, we use (3.2) and the estimates for Chebyshev's ϑ-function obtained in the previous section to establish new explicit estimates for the prime counting function π(x). 
where m is a positive integer and k 1 , . . . , k m are defined by the recurrence formula
For instance, we have
In this direction, Theorem 2.4 implies the following upper bound for the prime counting function. Proof. Let x 1 = 10 15 , let f (x) be given by the right-hand side of (3.3), and let r(x) be the denominator of f (x). By (3.2) and Theorem 2.4, we get π(x) ≤ J 3,0.15,x1 (x) for every x ≥ x 1 . In the first step of the proof, we compare f (x) with J 3,0.15,x1 (x). In order to prove that the function g(x) = f (x) − J 3,0.15,x1 (x) is positive for every x ≥ x 1 , we need to show that g(x 1 ) > 0 and that the derivative of g is positive for every x ≥ x 1 . By Dusart [11, and compute that h 1 (y) > 0 for every y ≥ 34.525. Therefore, we get that the inequality g ′ (x) = (h 1 (log x) + 9460001.25)/(r 2 (x) log 17 x) > 0 holds for every x ≥ x 1 . So, f (x) − J 3,0.15,x1 (x) = g(x) > 0 for every x ≥ x 1 and, by (3.2), we conclude that the inequality (3.3) holds for every x ≥ x 1 .
In the second step, we check (3.3) for every x such that 1 095 698 ≤ x ≤ 10 15 by comparing f (x) with the logarithmic integral li(x). For this, we set h 2 (y) = 0.15y 11 Then, it is easy to see that h 2 (y) ≥ 0 for every y ≥ 12.2714. Hence, for every x ≥ 213 502, we have
In addition, we have f (1 095 698) − li(1 095 698) > 0. Hence f (x) > li(x) for every x ≥ 1 095 698. Now we use a result of Büthe [3, Theorem 2], namely that
for every x such that 2 ≤ x ≤ 10 19 , to obtain that the required inequality holds for x such that 1 095 698 ≤ x ≤ 10 15 as well. To deal with the case where 101 ≤ x ≤ 1 095 698, we notice that f (x) is strictly increasing for every x such that 101 ≤ x ≤ 1 095 698. So we check with a computer that f (p n ) > π(p n ) for every positive integer n such that π(101) ≤ n ≤ π(1 095 698) + 1. A computer check for smaller values of x completes the proof.
We obtain the following weaker but more compact upper bounds. holds for every x ≥ 32. The proofs of the remaining inequalities are similar to the proof of (3.5) and we leave the details to the reader. For every x ≥ 5.5 · 10 25 , Theorem 3.2 implies the validity of (3.5). Denoting the right-hand side of (3.5) by f (x), we set g(x) = f (x) − li(x) − √ x log x/(8π). We compute that g(10 14 ) > 10 6 and g ′ (x) ≥ 0 for every x ≥ 10 14 . Hence f (x) ≥ li(x) + √ x log x/(8π) for every x ≥ 10 14 . Now we apply Proposition 3.1 to get that the inequality (3.5) also holds for every x such that 10 14 ≤ x ≤ 5.5 · 10 25 as well. A comparsion with li(x) shows that f (x) > li(x) for every x ≥ 4 560 187. From (3.4) follows that the inequality (3.5) also holds for every x such that 4 560 187 ≤ x ≤ 10 14 . To verify that f (x) > π(x) holds for every x such that 67 ≤ x ≤ 4 560 187, it suffices to check that f (p n ) > π(p n ) for every positive integer n such that π(67) ≤ n ≤ π(4 560 187) + 1, since f (x) is strictly increasing for every x ≥ 67. We conclude by direct computation.
Corollary 3.3. We have
In [2, Theorem 1.3] , the present author purports that the inequality (3.6) π(x) < x log x − 1 − .
Proof. The proof in [2] that the inequality (3.6) holds for every x such that e 3.804 ≤ x ≤ 10 14 is still correct and it suffices to consider the remaining case x ≥ 10 14 . In this case the required inequality follows directly from Theorem 3.2.
Using Proposition 2.5, we get the following upper bound for the prime counting function, which improve the inequality (3.3) for every sufficiently large values of x.
Proposition 3.5. For every x ≥ 41, we have
Proof. The proof is similar to the proof of Theorem 3.2 and we leave the details to the reader. We denote the right-hand side of (3.7) by f (x) and let x 1 = 10
15 . Comparing f (x) with J 4,100,x1 (x), we get, by using f (x) > J 4,100,x1 (x) holds for every x ≥ 10 15 . Then, by (3.2) and Proposition 2.5, that f (x) > π(x) for every x ≥ 10
15 . Next, we compare f (x) with li(x) and obtain that the desired inequality holds for every x such that e 7 ≤ x ≤ 10 15 as well. A direct computation for smaller values of x completes the proof.
Integration of parts in (1.3) implies that for every positive integer m, we have
In this direction, we get the following upper bound for the prime counting function.
Proposition 3.6. For every x > 1, we have
Proof. We set x 1 = 10 15 . Further, let f (x) be the right-hand side of (3.9). A comparsion with J 3,0.15,x1 (x) shows that f (x) > J 3,0.15,x1 (x) for every x ≥ 10 15 . By (3.2) and Theorem 2.4, we get that f (x) > π(x) for every x ≥ x 1 . Next, we compare f (x) with li(x) and get that f (x) > li(x) for every x ≥ 1 509 412. Together with (3.4), we obtain that f (x) > π(x) for every x such that 1 509 412 ≤ x ≤ 10 15 as well. It remains to deal with the case where 1 < x ≤ 1 509 412. Since f (x) is a strictly increasing function for every x ≥ 47, it suffices to check that f (p n ) > π(p n ) for every positive integer n such that π(47) ≤ n ≤ π(1 509 412) + 1. For smaller values of x, we conclude by direct computation.
Remark. Using Proposition 2.5, instead of Theorem 2.4, in the proof of Proposition 3.6, we get similarly that the inequality
holds for every x > 1.
We get the following weaker but more compact upper bound for the prime counting function.
Corollary 3.7. For every x ≥ 27 777 762 891, we have
Proof. From Proposition 3.6 follows that the required inequality holds for every x ≥ 5.1 · 10 10 . Denoting the right-hand side of the desired inequality by f (x), we get that f (x) > li(x) for every x ≥ 33 272 003 003. Together with (3.4), we conclude the proof for every x ≥ 33 272 003 003. For every positive integer n such that π(27 777 762 917) ≤ n ≤ π(33 272 003 003), we check that f (p n ) ≥ π(p n ). Since f is an increasing function for every x ≥ 7, we get that f (x) > π(x) for every x such that 27 777 762 917 ≤ x < 33 272 003 003. A direct computer check for small values of x completes the proof.
3.2. New lower bounds for the prime counting function. In this subsection, we give new lower bounds for the prime counting function, which improve the currently best known lower bound given in [2, Theorem 1.4], namely .
Proof. Let x 1 = 5 · 10 9 . Further, let f (x) be the right-hand side of (3.10) and let r(x) be the denominator of f (x). To prove that the function g(x) = J 3,−0.15,x1 (x) − f (x) is positive for every x ≥ x 1 , we need to show that g(x 1 ) > 0 and that the derivative of g is positive for every x ≥ x 1 . By Dusart [11, Clearly, we have h(y) > 0 for every y ≥ log(x 1 ). Hence, In the next corollary, we establish some weaker lower bounds for the prime counting function.
Corollary 3.9. We have
for every x ≥ x 0 , where 
Proof. Let x 1 = 10 6 and denote the right-hand side of (3.11) by f (x). A comparsion with J 4,−100,x1 (x) gives that J 4,−100,x1 (x) > f (x) for every x ≥ 10 6 . Now we use (3.2) and Proposition 2.5 to get that π(x) > f (x) for every x ≥ 10 6 . To prove that the inequality (3.11) is also valid for every x such that 19423 ≤ x < 10 6 , it suffices to check with a computer that π(p n ) > f (p n+1 ) for every positive integer n such that π(19 423) ≤ n ≤ π(10 6 ), since f is a strictly increasing function on the interval (1, ∞).
The asymptotic expansion (3.8) implies that the inequality
holds for all sufficiently large values of x. The best explicit result in this direction was given in [ Proof. Let U (x) denotes the right-hand side of the required inequality and let R(y) = U (y) log y/y. 
for every x ≥ 19 033 744 403. So it remains to deal with the case where 19 027 490 297 ≤ x ≤ 19 033 744 403. Since U (x) is a strictly increasing function for every x ≥ 44, it suffices to check with a computer that π(p n ) > U (p n+1 ) for every positive integer n such that π(19 027 490 297) ≤ n ≤ π(19 033 744 403).
On the existence of prime numbers in short intervals
Bertrand's postulate states that for each positive integer n there is a prime number p with n < p ≤ 2n, and was proved, for instance, by Chebyshev [7] and by Erdös [14] . In the following, we note some of the remarkable improvements of Bertrand's postulate. The first result is due to Schoenfeld [32, Theorem 12] . He found that for every x ≥ 2 010 759.9 there is a prime number p with x < p < x(1 + 1/16 597). In 2003, Ramaré and Saouter [30, Theorem 3] found that for every x ≥ 10 726 905 041 there is a prime number p so that x < p ≤ x(1 + 1/28 313 999). Further, they [30, Table 2 ] found a series of improvements. For instance, they showed that for every x ≥ e 150 there is a prime number p such that x < p < x(1 + 1/2 442 159 713). In 1998, Dusart [10, Théorème 1.9] proved that for every x ≥ 3 275 there exists a prime number p such that x < p ≤ x(1 + 1/(2 log 2 x)) and then, in 2010, reduced the interval himself [11, Proposition 6.8] by showing that for every x ≥ 396 738 there is a prime number p satisfying x < p ≤ x(1 + 1/(25 log 2 x)). In 2016, Trudgian [36, Corollary 2] proved that for every x ≥ 2 898 242 there exists a prime number p with In [2, Theorem 1.5], it is shown that for every x ≥ 58 837 there is a prime number p such that x < p ≤ x(1 + 1.1817/ log 3 x). In [13, Proposition 5.4], Dusart refined the last result by showing that for every x ≥ 89 693 there exists a prime number p such that (4.3)
x < p ≤ x 1 + 1 log 3 x .
In the following theorem, we improve (4.3) on the one hand by decreasing the coefficient of the 1/ log 3 x term and on the other hand by increasing the exponent of the log x term. In order to do this, we use some estimates for the prime counting function obtained in Section 3. 
